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Abstract 

This paper explores the extension of fuzzy real numbers to fuzzy quaternion numbers, aiming to 

enhance our understanding of their properties and establish results similar to those in 

Mathematical Analysis. The concept of quaternions, introduced by William Rowan Hamilton in 

1837, provided a powerful algebraic framework for managing vectors in two-dimensional space. 

Hamilton’s non-commutative algebra of quaternions made significant contributions to physics, 

mathematics, computer graphics, engineering, and theoretical physics. The study of fuzzy 

complex numbers, initiated by Buckley in 1989 and further developed by Zhang in 1992, 

demonstrated closure under arithmetic operations and similarities with Mathematical Analysis. 

Building on these advancements, Tamir proposed an axiomatic approach to fuzzy complex 

numbers in 2011, paving the way for the extension of these concepts to fuzzy quaternion numbers. 

In 2013, Moura et al. [3] developed the concept of fuzzy quaternion numbers as a natural 

extension of fuzzy real numbers and discuss some important concepts such as their arithmetic 

properties, distance, supremum, infimum and limit of sequences. Fuzzy number, it was shown that 

these numbers have important metrical properties, on quaternion and aggregation operator. This 

article is an extension of the work carried out by [3] on the construction of fuzzy quaternion 

numbers. In this continuation, we explore new arithmetic and algebraic properties of fuzzy 

quaternions. We present new metric, supremum, and infimum properties, and further investigate 

sequences of fuzzy quaternion numbers in more detail. 

Index Terms- quaternions fuzzy numbers, fuzzy, analysis fuzzy 

INTRODUCTION 
The idea of quaternion numbers, which William Rowan 

Hamilton established in 1837, expressed a complex number as 

an ordered pair of real numbers. He constructed an algebra to 

manage these vectors and developed this theory with the 

concept of employing quaternions as vectors in the two-

dimensional plane. As Newton had done with calculus, 

Hamilton had in mind the solution to the biggest physics 

conundrum of his time: how to develop a suitable language 

for dynamics. Hamilton understood that in order to manage 

the vectors, an algebra would need to be developed. 

Hamilton considered a set of elements called quaternions, 

represented in the form               , where a, b, c, 

and d are real numbers and i, j, k are symbols called basic 

units. To add two elements, Hamilton used the formula that 

consists of adding component by component. However, 

defining the multiplication of quaternions was a more difficult 

task. Hamilton realized that to respect the properties of 

multiplication, such as the distributive law, it would suffice to 

define how to multiply the symbols i, j, and k with each other. 

He also implicitly assumed that the product would be 

commutative but soon discovered that this algebra was not 

commutative. In 1843, he found the fundamental laws of 

quaternion product, which include                , 

and which implies                           . 

In 1989, Buckley [1] initiated research to extend fuzzy real 

numbers to fuzzy complex numbers. His work demonstrated 

that these numbers have closure under arithmetic operations 

and can be represented in terms of cuts α. Then, in 1992, 

Zhang  introduced a new definition for fuzzy complex 

numbers, which resulted in some results similar to those of 

Mathematical Analysis.[2] Fuzzy quaternion numbers were 

created in 2013 by Moura et al. [3] as a logical extension of 

fuzzy real numbers, and they discussed several key ideas 

including their arithmetic characteristics, distance, supremum, 

infimum, and limit of sequences. 

It has been demonstrated that fuzzy numbers, when quantized 

and aggregated, exhibit significant metrical features. This 
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article is a continuation of the work on the creation of fuzzy 

quaternion numbers done by [3]. In this section, we continue 

our investigation of novel fuzzy quaternion algebraic and 

arithmetic characteristics. We further explore sequences of 

fuzzy quaternion numbers in greater detail and offer novel 

metric, supremum, and infimum features. 

Section 2 introduces the concept of fuzzy quaternions and 

provides initial arithmetic and algebraic propositions. Section 

3 discusses the arithmetic of fuzzy quaternions, as well as 

examples of operating with fuzzy quaternion numbers. 

Section 4 introduces the concepts of supremum and infimum 

of fuzzy quaternion numbers, establishes a partial order within 

the set of fuzzy quaternion numbers, and defines and 

exemplifies a metric for this mathematical set. Finally, within 

the same section, we delve into the limits of sequences, which 

play a fundamental role in the study of fuzzy quaternion 

numbers from the perspective of Mathematical Analysis. 

Overall, this work aims to contribute to the understanding of 

fuzzy quaternions, their properties, and their application in 

various fields, further expanding the domain of Mathematical 

Analysis. 

DEFINITIONS AND BASIC PROPERTIES 
We denote U as the fuzzy universe set. Consider    ⊂ U. 

Therefore, we can define the characteristic.  function of the 

fuzzy set    using the interva   0,1 , that is,              , 

such that       is the degree of membership of x in   . 

 efinition 01: The core of a fuzzy set   , denoted by co    , is 

the set {x ∈              }. 

Definition 02: The support of a fuzzy set   , denoted by sp    , 

is the set {x ∈              }. 

 efinition 03: The α-cut of a fuzzy set   , denoted by    α , is 

the set {x ∈             α} such that α ∈ [0,1]. 

Definition 04: We call    the set of fuzzy real numbers. 

Given a fuzzy rea  number   , its membership function is       

ℝ                                            (1) 

 n particu ar, a fuzzy set    is a fuzzy rea  number if: 

(i) the core of    is non-empty; 

(ii) the α-cuts of    are bounded and c osed interva s; 

(iii) the support of    is bounded. according to [3]. 

Definition 05: The set    wi   be denoted as the set of fuzzy 

quaternions, where a fuzzy quaternion h  has the fo  owing 

characteristic function h :      0,1 , where  

                         min     a                                  

(2) 

where   ,   ,    and    are fuzzy rea  numbers. 

It is immediate that ℝ ⊂     and   ⊂   . 

 rom  i ,  ii , and  iii   3 , it fo  ows that if h  is a fuzzy 

quaternion number, then  1  the core of h  is non-empty;  2  

the α-cuts of h  are bounded and c osed interva s; and  3  the 

support of h  is bounded. 

 efinition 06:  et h  be a fuzzy quaternion number, we wi   

ca   the comp ement of h , the fuzzy set  ̅ , such that  

      ̅ :      0,1                               (3) 

where  ̅  (x) = 1 −        

 roposition 01:  f h  is a fuzzy quaternion number, then  ̅  is 

not a fuzzy quaternion. 

 roof:  et h  be a fuzzy quaternion, then by  2 , sp h   is 

bounded. It follows that {x ∈              } ⊂  ̅  is unbounded, 

hence sp( ̅ ) is unbounded, so  ̅  cannot be a fuzzy 

quaternion number. □ 

 efinition 07:  e say that    <     or ≤  for fuzzy rea  

numbers    and   , if       α  <    α   or ≤   (4) 

 efinition 08:  iven two fuzzy quaternion numbers h  =    ,   , 

  ,     and s  =    ,   ,   ,    , we wi   say that h  ≤ s , if    ≤   ,    

≤   ,    ≤    and    ≤   . 

 roposition 02:  iven two fuzzy quaternion numbers, h  and s , 

such that h  < s , there exists a fuzzy quaternion number t  such 

that h  < t  < s . 

 roof:  e  now that given two fuzzy rea  numbers     and     

such that     <    , there exists a fuzzy rea  number     such 

that     <     <    , then considering h  < s , that is,    <   , ...,    

<   , thus there exist T  , T  , T  , and T ₄ such that    < T   <   , 

...,    ≤ T ₄ ≤   . Therefore, consider t  =  T  , T  , T  , T ₄ , then h  

≤ t  ≤ s . □ 

Proposition 03: If         s   ), then h  α  ⊂ s  α , α ∈ (0,1]. 

Proof: By hypothesis, we have h  x  ≤ s  x . We also have    α  

= {x ∈             α  and s  α  = {x ∈     s       α}. Thus, for x 

∈    α , we have α           s    . By transitivity, α   s  ), 

therefore x ∈ s  α , and hence h  α  ⊂ s  α . □ 

Definition 09:  onsider the fuzzy quaternion numbers h  =    , 

  ,   ,     and s  =    ,   ,   ,    .  e say that h  = s  if and on y if 

h       s     and        ̅      ̅    ̅                  ̅   

  ̅ . 

 roposition 04:  iven two fuzzy quaternion numbers h  and s , 

we have h  = s  if and on y if h  α  = s  α . 

Proof: Let      s   Thus,         s     for all x ∈   . Now, note 

that    α       ∈             α       ∈     s       α    s  α . The 

converse is ana ogous. □ 

 efinition 10:  et h  be a fuzzy quaternion such that h  =    ,   , 

  ,    .  e denote               m             m            an  

 m           as the rea  part, first imaginary part, second 

imaginary part, and third imaginary part of h , respective y  3 . 

 roposition 05:  et h  be a fuzzy quaternion, then h  α  is a 

hypercube in ℝ⁴. 

Proof: Let x = a + bi + cj + dk ∈                      . Note that x 

∈    α       α       α       α . In fact, we know that         

min    a                          α ⇔    a                         α 

⇔ a ∈    α     ∈    α     ∈    α     ∈    α  ⇔ x ∈    α    

   α       α       α . □ 
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ARITHMETIC ON FUZZY QUATERNIONS  

NUMBERS 
 efinition 11:  ccording to  3 , consider the fuzzy 

quaternions h  =    ,   ,   ,     and s  =    ,   ,   ,    . Then we 

have h    s  =         ,        ,        ,                        5  

and 

 s    h  =                           ,                          ,       

                         ,                                     (6) 

Definition 12: By [2 ,  et    and    be fuzzy rea  numbers. 

 onsider    α  =  m  α , m  α   and    α  =  n  α , n  α  , then 

           =  m  α    n  α , m  α    n  α            7  

             =  m  α    n  α , m  α    n  α         (8) 

                =  m  α , m  α      n  α , n  α          9  

 roposition 06:  ccording to  3 ,  et h , s , and t  be fuzzy 

quaternion numbers. Then, we have: 

(i) h    s  is a fuzzy quaternion; 

(ii) h    s  = s    h ; 

(iii)  h    s     t  = h     s    t  ; 

(iv) 0  =  0 , 0 , 0 , 0     s  = s , for a   fuzzy quaternion s ; 

(v) s    h  is a fuzzy quaternion number; 

(vi)  s    h     t  = s     h    t  ; 

(vii) 1  =  1 , 0 , 0 , 0     s  = s  for a   fuzzy quaternion s . 

METRIC ON FUZZY QUATERNIONS NUMBERS 
In this section we will give a metric treatment to the set of 

quaternions, defining a possible metric, in addition to results 

related to the supremum and infimum of the fuzzy quaternion 

numbers. 

 roposition 07:  iven two fuzzy quaternion numbers h  =    , 

  ,   ,     and s  =    ,   ,   ,    , if we consider that the function 

          is a metric for fuzzy real numbers, then the 

function            such that   h , s   = d   ,       

d   ,       d   ,       d   ,     is a metric for fuzzy quaternions 

[3]. 

 efinition 13:  onsider    and    fuzzy rea  numbers with 

continuous membership functions and            , 

such that 

                          ᵇ        −                      (10) 

where  a, b  is a sma  er interva  containing the support of    

and   , is a metric for fuzzy rea  numbers  3  e  4 . 

Therefore, from  roposition  7 , considering h  =    ,   ,   ,     

and s  =    ,   ,   ,    , we have that            such 

that 

       s              −                      −                      − 

                     −                                                                                     

(11) 

 here the interva s  a , a  ,  b , b  ,  c , c  , and  d , d   are the 

sma  est interva s that contain the support of    and   ,    and 

  ,    and   ,    and   , respective y, is a metric for fuzzy 

quaternion numbers. 

Definition 14: Consider R a subset of   . If there exists h  ∈ 

   such that s  ≤ h  for all s  ∈ R, then we say that R is bounded 

above. If R is bounded below, the definition is analogous. 

 efinition 15:  onsider   a subset of fuzzy quaternions.  e 

say that s  is the supremum of   if: 

(i) h  ≤ s  for every h  ∈ R;  

(ii)  f h  < s , then there exists t  ∈ R such that h  < t .  e 

write s  = sup  . 

 efinition 16:  onsider   a subset of fuzzy quaternion 

numbers.  e say that s  is the infimum of   if:  

(i) s  ≤ h  for every h  ∈ R; 

(ii)  f s  < h , then there exists t  ∈ R such that t  < h .  e 

write s  = inf  . 

Proposition 08: Consider R a subset of fuzzy quaternions. We 

say that            s   ∈ ℝ   s  ∈ R},  m        m  s   ∈ ℝ   s  

∈ R},  m        m  s   ∈ ℝ   s  ∈ R},  m        m  s   ∈ ℝ   s  

∈ R}. Thus R is isomorphic to Re_R × Im1_R × Im2_R × 

Im3_R. 

Proof: Consider f: Re_R    m       m       m        

such that               for                       and h  is a fuzzy 

quaternion number from  . The proof becomes immediate. □ 

Proposition 09: If R ⊂    is bounded above, then R has a 

supremum. 

Proof: Let h  ∈ R, such that h  =    ,   ,   ,    .  ince    ∈       

   ∈  m        ∈ Im2_R, and    ∈ Im3_R, there exist   ,   ,   , 

and    in        m      m     an   m    respectively, such 

that                          , and        . Now, consider    ,   ,   , 

    = s  ∈ R, therefore s    h  for every h  ∈ R.  imi ar y, we can 

show that if s  > h , then there exists t  ∈ R such that t  > h . □ 

Proposition 10: If R ⊂    is bounded inferiorly, then R has 

an infimum. 

Proof: The proof is analogous to the previous demonstration. 

□ 

Proposition 11: Consider R and F bounded above fuzzy sets. 

If t  ≤ h  for every t  ∈ R and h  ∈ F, then sup   ≤ inf  . 

Proof: Given h  ∈ F, we have, by hypothesis, that t  ≤ h , with t  

∈ R, therefore sup   ≤ h . Now, observe that sup   ≤ h  for 

every h  ∈ F. Hence, we conclude that sup   ≤ inf  . □ 

LIMITS OF SEQUENCES 
Before we start working with the concept of limits using fuzzy 

quaternion numbers, we will denote limn ∞ simply as 

lim.[5] 

Definition 17: Given a metric D on    and a sequence   ₙ in 

   such that    is an e ement of   .  e say that  im   ₙ =    if 

for any   > 0, there exists   > 0 such that     ₙ,     <  , when 

n > M [3]. 

Definition 18: According to [3], given a metric D on    and a 

sequence h ₙ in    such that h  is an e ement of   .  e say 

that  im h ₙ = h  if for any   > 0, there exists   > 0 such that 

  h ₙ, h   <  , when n >  . 

Theorem 01:  s mentioned in  3 , consider    ₙ  and    ₙ  

sequences in   , such that    and    are e ements of    and a 

∈ ℝ.  f  im   ₙ =    and  im   ₙ =    then we have: 

(i)  im   ₙ     ₙ  =         
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(ii)  im a     ₙ = a      

Theorem 02:  s stated in  3 , consider  h ₙ  and  s ₙ  sequences 

in   , such that h  and s  are e ements of    and a ∈ ℝ. If lim 

h ₙ = h  and  im s ₙ = s  then we have: 

(i)  im h ₙ   s ₙ  = h    s  

(ii)  im a   h ₙ = a   h  

 roposition 12:  et {h ₙ  be a sequence of fuzzy quaternion 

numbers that converges to h . The tai -m of {h ₙ , that is, {h ₙ    

a so converges to h . 

Proof: If lim h ₙ = h , then for any   > 0, there exists   > 0 such 

that   h ₙ, h   <   when n >  .  et s consider   = K   m.  t 

follows that n + m > K, and therefore   h ₙ  , h   <  . □ 

 efinition 19:   sequence  {h ₙ}) of fuzzy quaternion numbers 

is said to be bounded if there exist T ,    ∈    such that    ≤ h ₙ 

≤ T  for every n ∈ ℕ. 

 n particu ar, it is immediate that if s ₙ is bounded, it is 

necessary and sufficient that   s ₙ, 0   < K where K ∈ ℝ. 

Definition 20: We say that a sequence of fuzzy quaternion 

numbers  h ₙ  is bounded if    h ₙ, 0   ≤ K for every n ∈ ℕ, 

where 0  =  0 , 0 , 0 , 0   ∈   . 

Proposition 13: Every convergent sequence of fuzzy 

quaternions is bounded. 

Proof: Consider lim         , thus for any ε    , there exists M 

> 0 such that if n > M, then              ε. Now, observe that 

                                      ε            . In particular, 

take     sup                                ε               so that 

               for a   n. □ 

Proposition 14: Consider the convergent sequence of fuzzy 

quaternion numbers  {h ₙ  .  f h ₙ   0 , then lim h ₙ   0. 

Proof: Consider 0  ≤ h ₙ =    ₙ,   ₙ,   ₙ,   ₙ  for all n ∈ ℕ. Then, 

by definition, we have 0  ≤   ₙ, 0  ≤   ₙ, 0  ≤   ₙ and 0  ≤   ₙ, it 

follows that lim 0  ≤ lim   ₙ,  im 0  ≤  im   ₙ,  im 0  ≤  im   ₙ and 

lim 0  ≤  im   ₙ, therefore, 0  =  im 0  =   im 0 ,  im 0 ,  im 0 ,  im 

0   ≤   im   ₙ,  im   ₙ,  im   ₙ,  im   ₙ  =  im {h ₙ . □ 

 roposition 15:  et  h ₙ  and  s ₙ  be convergent sequences of 

fuzzy quaternion numbers. If h ₙ ≤ s ₙ for all n ∈ ℕ, then lim h ₙ 

≤  im s ₙ. 

 roof:  roof ana ogous to the previous one. □ 

 omparison Theorem:  et  h ₙ ,  s ₙ , and  t ₙ  be convergent 

sequences of fuzzy quaternions such that       s     t   for all n ∈ 

ℕ. If lim       lim t    then lim s     lim t     lim     [3]. 

 efinition 21:  onsider  h ₙ  a sequence of fuzzy quaternions. 

 e say that  h ₙ  is increasing if h   ≤ h   ≤ ... ≤ h ₙ ≤ ...  e wi   

ca    h ₙ  decreasing if h     h     ...   h ₙ   ...  f  h ₙ  is increasing 

or decreasing, it will be called monotonic. 

Monotonic Sequence Theorem: A monotonic sequence of 

fuzzy quaternions converges if and only if it is bounded. 

Proof: If  im h ₙ = h , then by  roposition 13, we  now that h ₙ is 

bounded. 

 ow, consider a sequence of increasing and bounded fuzzy 

rea  numbers   ₙ.   so,  et sup {     n ∈ ℕ      . Now, observe 

that for any ε    , there exists M > 0 such that    − ε          

          ε. Notice that if n > M, then    − ε                     

     ε, therefore              ε. Thus,   ₙ converges to   . 

Now, consider s                          to be a monotonically 

increasing sequence. Let sup{s ₙ, n ∈ ℕ  = s  =    ,   ,   ,    .  t 

follows that                             , and         . Therefore,   ₙ 

converges to       ₙ converges to         converges to   , and   ₙ 

converges to   .  onsequent y, s ₙ converges to s . □ 

Definition 22: Consider the sequence of fuzzy quaternions 

       The sequence of fuzzy quaternions                      ₖ       is 

denoted as a subsequence of       if n    n          nₖ       is an 

increasing sequence of natural numbers. 

Proposition 16: Every sequence of fuzzy quaternion numbers 

has a monotonic subsequence. 

Proof: Let  s    be any sequence and consider the set      s    s   

  s ₖ  ∀k ∈ ℕ  k   n .  f   is infinite, then  s ₙ  has a non-

decreasing subsequence; otherwise,  s ₙ  has a decreasing 

subsequence. □ 

Bolzano-Weierstrass Theorem: Every bounded sequence of 

fuzzy quaternions has a convergent subsequence. 

Proof: Consider       is a bounded sequence, then it has a 

subsequence     ₖ  that is monotone by the previous 

proposition. It follows from the Monotone Convergence 

Theorem that the subsequence is convergent. □ 

 efinition 23:   sequence of fuzzy quaternion numbers  s ₙ) 

will be called a Cauchy sequence if given ε    , there exists N 

> 0 such that n, m   N, then   s    s ₘ    ε. 

Proposition 17:  f a sequence  s ₙ  of fuzzy quaternion numbers 

is convergent, then  s ₙ  is a  auchy sequence. 

 roof:  onsider that  im s ₙ = s . Then, for any   > 0, there 

exists   > 0 such that   s ₙ, s   <  /2 when n >  .  imi ar y, 

for every   > 0, there exists K > 0 such that   s  , s   <   if m > 

K. Ta e   = max { , K . Therefore, when n >  , we have   

=  /2    /2 >   s  , s       s ₙ, s   >   s  , s ₙ .  ence,   s  , s ₙ  < 

 . □ 

Proposition 18: Every Cauchy sequence of fuzzy quaternion 

numbers is bounded. 

Proof: If  s    is a  auchy sequence, then for any   > 0, there 

exists M such that if n, m > M, then             . Therefore,  

              . Note that                         

         
               

    . Therefore,   s            

for every n ∈ ℕ. Since             
               is a finite 

set, consider sup A = S, and we have sup{S, K} = N. Thus, 

  s          N for every n ∈ ℕ.  imi ar y, we can show that s ₙ 

is bounded from be ow. □ 

 roposition 19:  f a  auchy sequence of fuzzy quaternion 

numbers h ₙ has a convergent subsequence, then h ₙ converges. 

 roof:  uppose that the subsequence  h ₙₖ  of  h ₙ  is 

convergent. Then, given   > 0, there exists   > 0 such that 

  h ₙₖ, h   <  /2 when nₖ >  .  ince  h ₙ  is  auchy, for every   

> 0, there exists N > 0 such that   h ₙ, h    <  /2 for a   n, m > 
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 . Therefore, if n, nₖ > sup{ ,   , we have                     

   ₖ         ₖ        ε/    ε/    ε. □ 

Cauchy Convergence Criterion: A sequence of fuzzy 

quaternion numbers is convergent if, and only if, it is Cauchy. 

Proof:  f  s ₙ  is a  auchy sequence, then there exists a 

monotonic subsequence  s ₙₖ .  ince  s ₙ  is  auchy, it is 

bounded, and therefore the subsequence  s ₙₖ  is a so bounded. 

As every bounded monotonically increasing sequence of 

fuzzy quaternions converges, it fo  ows that  s ₙₖ  converges. 

 onsequent y,  s ₙ  a so converges because it has a convergent 

subsequence. □ 

FINAL REMARKS 
We have extended the article [3] on fuzzy quaternion 

numbers, providing contributions in arithmetic, algebra, and 

the field of analysis. Furthermore, we presented proofs of 

several other properties related to the supremum and 

sequences of fuzzy quaternion numbers. With this, we were 

able to establish some fundamental concepts for the 

development of fuzzy mathematical analysis in the case of 

fuzzy quaternions. We investigated the existence of partial 

orderings, metrics, the concept of supremum and limit of 

sequences. Additionally, we established a natural relationship 

between the set of α-cuts and the set of interval quaternion 

numbers, which provided computational support for future 

investigations. As future work, we can consider an axiomatic 

approach to fuzzy quaternion numbers. 
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